Abstract. Let X, Y be vector spaces. It is shown that if an even mapping f : X → Y satisfies f (0) = 0 and (0
Introduction
In 1940, S. M. Ulam [19] Let X and Y be Banach spaces with norms || · || and · , respectively. Hyers [5] showed that if > 0 and f : X → Y such that
for all x, y ∈ X, then there exists a unique additive mapping T :
Consider f : X → Y to be a mapping such that f (tx) is continuous in t ∈ R for each fixed x ∈ X. Assume that there exist constants ≥ 0 and p ∈ [0, 1) such that
for all x, y ∈ X. Th. M. Rassias [10] showed that there exists a unique R-linear mapping T : X → Y such that Gȃvruta [4] generalized the Rassias' result.
A square norm on an inner product space satisfies the important parallelogram equality
The functional equation 
for all x, y, z ∈ X, then the mapping f : X → Y is quadratic.
Proof. Letting x = y in (2.1), we get
for all x, z ∈ X. So the even mapping f : X → Y is quadratic.
The mapping f : X → Y given in the statement of Lemma 2.1 is called a Jensen type quadratic-quadratic mapping. Putting z = 0 in (2.1), we get the Jensen type quadratic mapping 2f (
, and putting x = y in (2.1), we get the quadratic mapping
From now on, assume that X is a normed vector space with norm || · || and that Y is a Banach space with norm · .
For a given mapping f : X → Y , we define
for all x, y, z ∈ X.
Theorem 2.2. Let f : X → Y be an even mapping satisfying f (0) = 0 for which there exists a function ϕ :
for all x, y, z ∈ X. Then there exists a unique Jensen type quadraticquadratic mapping Q : X → Y such that
for all x ∈ X.
Proof. Letting x = y = z in (2.3), we get
for all nonnegative integers m and l with m > l and all x ∈ X. It follows from (2.2) and (2.6) that the sequence {4
for all x ∈ X. By (2.3) and (2.2),
for all x, y, z ∈ X. So DQ(x, y, z) = 0. By Lemma 2.1, the mapping Q : X → Y is a Jensen type quadratic-quadratic mapping. Moreover, letting l = 0 and passing the limit m → ∞ in (2.6), we get the inequality (2.4). Now, let Q : X → Y be another Jensen type quadratic-quadratic mapping satisfying (2.4). Then we have
which tends to zero as n → ∞ for all x ∈ X. So we can conclude that Q(x) = Q (x) for all x ∈ X. This proves the uniqueness of Q.
for all x ∈ X. Since Y is complete, the sequence {
